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We show that generically the tensor-to-scalar ratio in large single-field inflation scenarios is 
bounded to be larger than G(10 -3 ) for the spectral index in the range favored by observations. 


INTRODUCTION 


perturbations are given by 


In scenarios of inflation, a necessary step to explain 
various features of the present universe, the number of 
e-foldings (N e ) is conventionally taken to be around 50- 
60 depending on the cosmological history after inflation. 
The lower bound of N e can be pushed down as long as 
the reheating temperature after inflation is high enough 
to provide the relevant physics afterwards (e.g., baryoge- 
nesis, production of dark matter, a successful Big-Bang 
nucleosynthesis). However, the upper bound is saturated 
at about 60, since the upper bound of the tensor-to-scalar 
ratio (r T <0.1 [1]) coming from the non-observations of 
the tensor mode perturbations, puts an upper bound on 
the energy scale of inflation i.e., V^ A <2x 10 16 GeV. 

In conventional Einstein gravity, the tensor-to-scalar 
ratio is simply proportional to the slow-roll parameter 
associated with the slop of the inflaton potential. For 
small field inflation in which the excursion scale of the 
inflaton can be lowered down far below Planck scale, rp 
can be extermely small. However, in large-field inflation 
scenarios, this can not be the case since the e-foldings 
are likely to turn out too large unless the potential has 
an unphysical sudden change. Hence, rp is likely to be 
lower-bounded in such scenarios. 

In this work, we show that the e-foldings required to 
match observations set a lower bound of tt at around 
0(1O~ 3 ) in most of realistic models of large single-field 
inflation. Our result is consistent with a recent work, 
Ref. [2], although the approach is different. 


INFLATION AND THE NUMBER OF 
e-FOLDINGS FOR A GIVEN SCALE 


In slow-roll inflation scenario with a potential V of a 
single scalar field (playing the role of inflaton), the slow- 
roll parameters are defined as 
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respectively, giving a tensor-to-scalar ratio 
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The spectral indices of these modes are 

n s = 1 — 6e + 2rj, np = — 2e 
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Note that tit = —tt/8, a consistency relation of infla¬ 
tion in Einstein gravity. For inflation to end smoothly, e 
should depend on the scale; although ij can be constant. 
The spectral running, a = dn s /dlnk, is given by 

a = 16e77 - 24e 2 - 2£ 2 (5) 


The number of e-foldings generated until the end of 
inflation, since a given cosmological scale (denoted with 
a subscript V) exits the horizon during inflation, is given 

by 



with <j) being the inflaton field. For a given model of in¬ 
flation (i.e., a specific form of potential V), the observed 
n s fixes </>* and hence is also fixed. Meanwhile, in 
order for inflation to solve the smoothness problem of 
Big-Bang cosmology, any two points within our Hubble 
patch had to be in casual contact at some stage before 
the end of inflation. That requires a minimum amount of 
e-foldings, that we will denote N°\ f. In order for an infla¬ 
tion scenario to work, = 7V°* S is required, and this 
constrains the possible models of inflation. If there were 
no more entropy production after the reheating following 
inflation, the e-foldings associated with the Planck pivot 
scale (A:* = O.OSMpc^ 1 ) are given by [3] 
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where Mp = 2.4 x 10 18 GeV is the reduced Planck mass, 
and ‘/’ represents derivative with respect to the inflaton 
field. The power spectrum of scalar and tensor mode 
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where so is the present entropy density 

2j r 2 

s o = -^r-g*soTo (8) 

with g* s o = 3.9091 being the number of relativistic de¬ 
grees of freedom and To = 2.726K the CMB temperature 
at the present universe. The subscript ‘ e ’ in the right- 
hand side denotes the value at the end of inflation, and 
T<j is the decay temperature of the inflaton. The current 
upper-bound on the tensor-to-scalar ratio tt < 0.1 [ 1 ] 
implies 

K 1/4 < 2 x 10 16 GeV (9) 


where A <fi = \(j> e — </> x | with (j> e being the value of the 
inflaton at the end of inflation. In large-field models, 
generically, A cf> > Mp ~ 1, being the precise value model 
dependent. Hence, as a simple conservative constraint, 
we require 

A A e , sr < - A N e (15) 

with A N e = 0,15 depending on the existence of thermal 
inflation. 


CLASSES OF POTENTIALS 


and the reheating temperature is bounded as 

1 MeV < T d < Vl /A (10) 

Then, setting V* = V e , one finds 

A°* s ^ 58.56 (11) 

The lower bound of iV* s depends on the post-inflation 
cosmology as well as and T<j. In particular, there can 
be an 0 ( 10 ) additional contribution to the e-foldings of 
inflation from, for example, thermal inflation [4, 5]. In 
this case, the required e-foldings from primordial infla¬ 
tion are reduced by that amount. In principle, there can 
be multiple stages of thermal inflation, providing a few 
tens of e-foldings. However, thermal inflation with more 
than two stages is non-trivial to realize (or not so re¬ 
alistic), and too much extra e-foldings may cause some 
inconsistency with observations of small scale structure 
(see for example [ 6 ]). In realistic models, we expect ex¬ 
tra e-foldings of around 20 or less [7 11]. Hence, in this 
letter we take A N e = 15 as the plausible maximal extra 
e-foldings with Td = for simplicity in the case where 
thermal inflation is considered. 

The number of e-foldings in Eq. ( 6 ) can be separated 
into contributions from slow-roll and non-slow-roll (or 
fast-roll) regions, denoted respectively as A N e>SI and 
AA e y r , i.e., 

iV e th * = A jv e , sr + AA e , fr (12) 

where 


There are numerous different shapes of potentials for 
slow-roll inflation. However, in the region of field values 
where the slow-roll approximation is still valid, inflaton 
potentials generally fall into one of the following forms, 

• Chaotic monomial: V c h = V$x p 

• Inverse-Hilltop: VSht = Vo (1 — l/x p + ...) 

• Starobinsky-like: H st = Vq (1 — e~ x + .. .) 

• Hilltop: Vht = V 0 (1 - x p + ...) 

where x = <f>//j, with p being a scale characterizing the 
end of inflation, and p is assumed to be positive defi¬ 
nite. Note that, even if the potentials listed above are 
approximated froms, it is clear that they all are signifi¬ 
cantly changed as r -> 1. Hence, unless the potentials 
have non-trivial complications around the end of infla¬ 
tion, we expect that inflation ends at x ~ 1. In the 
following subsections, we show the approximate forms of 
slow-roll parameters and IV** or N £}SI (depending on its 
relevance) which are expected to be valid as long as e 
and p are much smaller than unity in the region where 
V « Vo- These approximate expressions are useful to 
get an idea of the parametric dependences of the rele¬ 
vant quantities. The discrepancies one would get when 
considereing a complete potential are minor and do not 
change our argument. 

Chaotic monomial 
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The value of <p x f° r which the slow-roll approximation 
breaks down depends on the potential and is rather am- 


In this case, the slow-roll parameters take the (exact) 
form 

,2 / A/f„ \ 2 p(p-l)/Mp x2 


= p ^(¥ l \ 

2x 2 \ n ) ' ^ x 2 \ /I 


~ (16) 


and in this case 
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which does not depend on p. The e-foldings are 


Starobinsky-like 


Nt hl = - [ - - 1 ] ~ 


P ( 1 


p + 2 

2(1 -n a ) 


(18) 


It is clear that, as p becomes larger than 1, becomes 
larger than zero, and similarly e. Also, only p < 4 is 
allowed, othewise too much e-foldings are expected. As 
can be seen from Eq. (17), e can be lowered down by 
taking a small p. However, in large field scenarios in 
which a:* > 1 with p > Mp, we are constrained to have 
p > 0( 10 -2 ). Hence, rp is lower-bounded at 0(1O -3 ). 


In this case, one finds 



Note that, as p is increased, e* matching observations 
increases as well. So, we take p = Alp to see the smallest 
allowed e*. From Eq. (25), one finds 

p = -V 2 e 1/2 (26) 


Inverse-Hilltop potential 


leading to 


For V « V 0 , the slow-roll parameters can be approxi¬ 
mated as 
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Mp 
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From Eq. (19), we find 
2 (p + l) 


p(p + 1 ) / Mp 
x p+2 \ p 
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where 


P lP 2 (Mp/p) 2 \ 
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( 20 ) 


( 21 ) 


ei /2 = - ^ (l - \/l + 3(l-n 8 )) (27) 

1 /2 

which is the same as e* in Eq. (24) with p/Mp = p. 
The the number of e-foldings for slow-roll regime are 

N esI ~ - (28) 

Px P* 

where p x is obtained from Eq. (26) with e x = 0.1. 


Hilltop potential 


Using Eq. (4) with Eq. (20), one can find e*, at least 
numerically, as a function of p and n s for a given p. Note 
that p/e = —2x p (p + 1 )/p in this potential, which means 
that for a given p, as p goes away from a value around 
one (or p is lowered down), e decreases. The e-foldings 
for slow-roll regime are 


N k 


X P+ 2 _ X P +2 
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where p x is found from Eq. (20) with e x = 0.1. 

We can explore the limiting cases of p leading to small 
e*. When p —> 0, one finds 


In this case, for 0 < p < 1 inflaton should be located at 
a particular region in 0 < x < 1 as the initial condition, 
and this is non-trivial to realize. Also, as p increases, the 
e* needed to match observation becomes smaller. So, we 
consider only p > 2 in order to avoid irrelevant compli¬ 
cations. Slow-roll parameters are given as 


p 2 x 2 ( p ( 

Note that for p 
exclusively, and 
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is a constant depending on p 
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Hence, taking a small p , one can lower down e*, but 
W.sr ^ 50 requires n s > 0.98 which is out of the 2-cr 
region. On the other hand, if p —> oo, 


A/ 2 


— —— 1 —\ 1 + 


6(1 - n s ) 
7 2 


N k .„ ~ 


1 - n s 


(24) 

with 7 = 'j2p(AIp /p). It may be natural and tempting 
to set p to be the Planck scale. However, in principle p 
can be much larger than Alp although it may need some 
fine-tuning or non-trivial (or unnatural) realizations. 


For p ^ 1, 2, r] can be found in terms of e from Eqs. (20) 
and (21) with p —> —p. The number of e-foldings is 




s; ln (w) : ^ = 2 

“ rjl) (Mi) 1 1,2 


(31) 


Similarly to the case of Uht, as p decreases, e* decreases, 
and we consider p/Mp > 1 here too. Note that, if 
p/Alp = p, as p —> oo, e* collapses to the one in Eq. (27). 
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FIG. 1: The lower bound of rr (gray line(s)) as a function of n s . Green regions are 1, 2, 3-cr bands of n s from Planck 
observations (Planck TT+lowP) [12]. Red lines are obtained by imposing the constraint on the e-foldings, Eq. (15). Red 
dashed lines are for inverse-Hilltop potential with p = 0.1,4 from right to left. Red dotdashed line is for Hilltop potential with 
p = 4. Red solid line is for p —> oo in both inverse-Hilltop and Hilltop potentials. For each value of p, the right-side of the 
red line is excluded because of too much e-foldings. Green line(s) is the bound obtained from the completions of potentials, 
Eqs. (32), (34) and (33). Blue dot is the prediction of Starobinsky-like potential with p = Mp. Upper-, p — Mp. Lower: 
p = pMp for p > 1, but p = Mp for p < 1. 


THE LOWER BOUND OF r T : NUMERICAL 
RESULTS 

In order to find a lower bound of r^, we used the ex¬ 
pressions obtained in the previous section and performed 
a numerical analysis. Also, for comparsion, we used the 
following completions of potentials: 


VSht 

= Vo (1 — l/2x p ) 2 

(32) 


= Vq (l — e~ x /2) 2 

(33) 

Vht 

= V 0 (1 - x p /2) 2 

(34) 

The result is shown 

in Fig. 1. We found that, if p r 

Mp 


(upper panels), when p 3> 4 in inverse-Hilltop and Hill¬ 
top potentials, it is possible to lower-down rp by many 
orders of magnitude relative to the current upper bound. 
However, for p < 4 which is likely to be the case, in the 
region of interest the field value is far away from the end 
point of inflation, and either rp > (^(HU 3 ) or n s is out 
of the 3-cr bound of observations (in Hilltop). As shown 
in the lower panels of Fig. 1, if we take p larger than 
Mp, the case of p < 4 in Hilltop potential can be within 
the preferred region of observations, but rp is pushed up 
to ©(HU 3 ). So, we can conlude that, including chaotic 
monomials and Starobinsky-like potentials, in realistic 
models (probably) with p < 4, rp is lower-bounded at 
about 1(U 3 or n s is out-of the 3-cr allowed band. Fig. 1 
also shows that, if the decay temperature of the inflaton 


is low or there is an extra contribution to e-foldings, the 
lower-bound of rp is pushed up. 

CONCLUSIONS 

In this paper, we examined the lower bound of the 
tensor-to-scalar ratio in large single-field scenarios of in¬ 
flation. For inflaton field values associated to the relevant 
cosmological scales, the inflaton potential may be approx¬ 
imated to either chaotic monomial, inverse-Hilltop, Hill¬ 
top, or Starobinsky-like potentials in which the leading 
field-dependent term is (<f>/p) ±p with 0 < p < 4 or e - '^. 
We showed that, if the dimensionful scale p characteriz¬ 
ing the end of inflation is Planck scale or larger, which 
is the case of large single-field scenarios, the tensor-to- 
scalar ratio is lower-bounded at ©(HU 3 ) for the range 
of the spectral index favored by observations. Therefore, 
even if it will not be done in the near future, most large 
single-field inflation models will be probed as experiments 
reach a rp at the level of 10~ 3 . 
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